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J * optimization of small aspect ratio stellarator/tokamak hybrid devices *
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~Received 17 November 1997; accepted 10 February 1998!

A new class of low aspect ratio toroidal hybrid stellarators is found using a more general plasma
confinement optimization criterion than quasisymmetrization. The plasma current profile and shape
of the outer magnetic flux surface are used as control variables to achieve near constancy of the
longitudinal invariantJ* on internal flux surfaces~quasiomnigeneity!, in addition to a number of
other desirable physics target properties. A range of compact~small aspect ratioA!, low plasma
current devices have been found with significantly improved confinement, both for thermal as well
as energetic~collisionless! particle components. With reasonable increases in magnetic field and
geometric size, such devices can also be scaled to confine 3.5 MeV alpha particle orbits.
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I. INTRODUCTION

The three-dimensional nature of stellarator configu
tions offers a vast parameter space of possible design cho
for plasma confinement systems. Attractive devices can n
be identified out of this space due to the existence of effic
stellarator equilibrium algorithms1 and multidimensional
nonlinear optimization techniques2 coupled with the devel-
opment of relevant, but easily evaluated, physics target
teria. With respect to plasma transport, an essential adva3

was the recognition that confinement depended only on
form of uBu in a particular choice of a magnetic coordina
system. The structure ofuBu in this coordinate system can b
directly controlled by the shape of the outer magnetic fl
surface along with the plasma current and pressure profi
These facts have allowed significant advances in the con
ment quality of stellarator designs and, by allowing adequ
confinement of deuterium-tritium~DT! fusion-produced al-
pha particles, made them credible as fusion power syste
However, most of these designs have remained at relati
high aspect ratios (R0 /a.7); the reactor embodiment o
these devices then necessarily leads to large and expe
systems.

Low aspect ratio, modular-coil stellarator4–8 designs
have recently been developed that offer the attractive
tures of compact steady-state fusion power systems,
volume utilization, axisymmetric diverted regions, and t
absence of low-order resonances~leading to islands! near the
plasma edge. However, studies of confinement in th
devices6 have indicated a need for transport optimization.
the two quasisymmetry approaches, only quasitoroidal o
mizations have successfully been achieved9 at low aspect
ratio. The quasihelical approach10 is expected to only be ap
plicable at higher aspect ratios.11 However, in parallel with
the quasisymmetry approaches, various techniques for m

*Paper cMoaI1-2 Bull Am. Phys. Soc.42, 1835~1997!.
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directly targeting the drift of particle orbits away from ma
netic flux surfaces have also been developed. An ini
approach12,13 in this direction was to focus specifically o
improving the confinement of deeply trapped particles, sin
their orbits can simply be related to contours of the minimu
of uBu along the toroidal direction. We have developed
more general method that uses the alignment of the appr
mate second adiabatic invariant14,15 J* contours with mag-
netic flux surfaces. This allows confinement improveme
over the entire trapped particle population as well as a red
tion in the number of transitional particles. Such an appro
is equivalent to bounce-averaged omnigeneity, which has
cently been interpreted16–18 in terms of equal spacing ofuBu
contours on a magnetic flux surface. It has been dem
strated that this equal spacing ofuBu is both a necessary an
sufficient condition for omnigeneity,17 and that although
quasihelical configurations are omnigenous, the class
nearly omnigenous configurations is much broader than
of quasihelical systems.17 Besides allowing confinement im
provement at a low aspect ratio,19 this additional flexibility
may be expected to better allow for the simultaneous opti
zation with respect to stability, bootstrap current profile, a
other physics criteria. In the following we present an e
ample of using the concept of bounce-averaged omnigen
to generate an actual low aspect ratio stellarator config
tion. Our new optimization procedure is first described, f
lowed by an analysis of both the thermal and energetic p
ticle transport properties of the optimized configuration. W
find that sizable reductions~factors of'10–20! in thermal
particle transport rates can be achieved along with a clos
off of the loss cone for more energetic particles. Examinat
of the uBu spectrum indicates that the optimized state is n
ther purely quasihelical nor quasitoroidal.

II. DESCRIPTION OF THE OPTIMIZATION
PROCEDURE

Our approach uses the VMEC three-dimansional~3D!
magnetohydrodynamic~MHD! equilibrium solver1 aug-
2
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TABLE I. Components of stellarator optimization targetx2 function.

Physics goal Typical target criterion

Bextremaand drift and surfaces are aligned with flux
surfaces~quasiomnigeneity!. For J* this is done
for several values ofe/m ranging from deeply
trapped to nearly passing.

Bmin5Bmin(c)
Bmax5Bmax(c)

J* 5J* (c)

Maintain fixed iota e.g.,i (c)50.3– 0.2(c/cmax)
Maintain magnetic well V9,0
Target low aspect ratio R0 /a'3
Minimize magnetic ripple
~decreases trapped particle fraction!

Minimize (Bmax2Bmin)

Limit maximum plasma current *0
r r 8dr8 j plasma(r 8),I max

Limit local magnetic surface curvature Avoid strong elongation/cusp
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mented with a transformation to Boozer coordinates,3 as the
inner physics evaluation loop of a Levenberg–Marquardt
timization algorithm. The control variables are the shape
the outermost magnetic flux surface, which is expresse
terms of about 20 Fourier harmonics of bothR ~the major
radius! and z ~the height above the midplane!, and the
plasma current profile. We have applied this optimizat
technique both to pure currentless stellarators as well a
hybrid systems, but find that the presence of plasma cur
offers greater flexibility and is generally necessary to att
high-b free boundary equilibria. Typically, the optimizatio
targets used are the following: alignment ofBmin , Bmax, and
J* with magnetic flux contours; matching ofi (c) to a speci-
fied rotational transform profile; maintenance of a magne
well over most of the plasma cross section;R0 /a'3; avoid-
ance of strongly curved segments on the flux surface;
minimization of magnetic ripple. The alignment ofBmin with
c improves the confinement of deeply trapped particl
alignment ofBmax with c minimizes the number of transi
tional particles; alignment ofJ* with c is applied over a
range of pitch angles running from slightly above dee
trapped up to nearly passing in order to better confine
whole trapped particle population. We further include mi
mization of magnetic ripple in order to lower the number
trapped particles, since their confinement is not as good
passing particles~i.e., the alignment of the trappedJ* con-
tours withc, although improved, is generally not exact!. The
avoidance of strongly curved segments on the flux surfac
targeted in order to ease coil design and to avoid stron
elongated, narrow plasmas for which neutral penetra
would be a problem. Our optimization procedure is qu
flexible and can readily accommodate additional targets
the need arises. The currently used target criteria are sum
rized in Table I. HereBmin andBmax, as used in the first and
fifth target criteria of Table I, are the 2D functions ofc and
u ~i.e., magnetic flux and poloidal angle in Boozer coor
nates! that are formed by recording the minimum/maximu
value ofuBu along the toroidal direction within a single fiel
period at fixedc, u. The longitudinal invariantJ* is defined
as follows:14,15

J* ~c,u!5E
c,u5const

g~c!df

B
muv iu2s i

2p

N
cp ,
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s i5H 11, copassing orbits,

0, locally trapped orbits~v i50 on orbit!,

21, counterpassing orbits;

where

v i56F 2

m
~e2mB2qF!G1/2

, g~c!5poloidal current,

cp5poloidal magnetic flux function,N5number of field pe-
riods,e5total energy,m5magnetic moment,q5charge, and
m5mass.

In general,J* contours depend onc, u, e, e/m, and the
electrostatic potentialF. However, for our optimization ap
proach, we shall only target trapped particles and the c
whereF50. In this limit, J* only depends onc, u, ande/m.
For the examples given here, the alignment of theBmin ,
Bmax, and trappedJ* contours withc is typically carried out
over three or more flux surfaces and, additionally in the c
of J* , at four values of the pitch angle variablee/m ~on a
given flux surface, the trapped range ofe/m is determined by
Bmin,gl,e/m,Bmax,gl whereBmin,gl and Bmax,gl are the global
minima and maxima ofBmin and Bmax over the surface!.
Since the trapped branch ofJ* is only defined over limited
regions of each flux surface@i.e., running fromumin ~the
trapped/passing boundary at whiche/m5Bmax! to umax ~the
trapped/forbidden boundary at whiche/m5Bmin!#, its varia-
tion is only targeted within these boundaries. Each of
target functions in Table I is multiplied by an associat
weight and summed to form a singlex2 functional, which is
to be minimized. The initial condition on the outer flux su
face shape is either derived from a free-boundary VM
equilibrium based on a known set of coils or from a pre
ously optimized configuration.

Once a satisfactorily optimized outer flux surface
found, a second optimization procedure has been develo
that varies a parametrized set of coils in order to matchBW at
the outer flux surface. In general, this is not a unique proc
and multiple solutions are possible, depending on the num
of coils per field period, the winding surface, etc. By sep
rating the physics and coil optimizations into separate ste
efficiency is gained, the existence of flux surfaces is ma
tained during the optimization, and a better understanding
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the tradeoffs of each phase of the design process is poss
In the following, we will discuss only the physics~i.e., outer
flux surface! optimization.

III. EXAMPLE OF AN OPTIMIZED CONFIGURATION

This optimization technique has been applied to
eight-field period, hybrid stellarator/tokamak device w
major radius R051.3 m, Baxis51.2 T, R0 /a'2.8, ^b&
52%, and an integrated plasma current of around 60
We will compare the initial unoptimized device, whose flu
surface shape was determined by a set of eight exte
modular coils, with an optimized configuration based on
alignment ofJ* with c. Figure 1 shows the 3D rendered flu
surface for the optimized configuration with the gray sc
shading used to indicate the constantuBu contours. Also
shown is a magnetic field line, indicating the strong poloid
variation in local transform that is characteristic of low a
pect ratio stellarators. The variation ofuBu along a field line
is shown in Fig. 2 for unoptimized, optimized, and equiv
lent tokamak configurations. The nearly constant minim

FIG. 1. Outer flux surface shape and magnetic field line~in white! with gray
scale shading proportional touBu magnitude~the darker areas are highe
field! for the J* -optimized configuration.

FIG. 2. Variation ofuBu along a field line on a flux surface at one-half th
edge poloidal flux for the original unoptimized device~dashed line!, the
optimized device~solid line!, and the equivalant tokamak~chain dashed
line!.
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values ofuBu in the optimized configuration demonstrates t
alignment of Bmin contours with flux surfaces, which i
achieved by the optimization. The iota profile in the unop
mized case increases from 0.22 at the center to 0.31
(c/cmax)

1/250.6, and then drops to 0.15 at the edge wh
that of the optimized case drops from 0.4 at the center
0.16 at (c/cmax)

1/250.85 and then increases to 0.2 at t
edge. The integrated current profile of the unoptimized c
figuration increases monotonically to around 125 kA at
edge, while that of the optimized configuration increases
about 100 kA at (c/cmax)

1/250.7 and then drops to 60 kA a
the edge@i.e., implying a reversed current density regio
outside of (c/cmax)

1/250.7#. Such profiles with regions o
reversed edge current density have been characteristic o
optimizations, which targetdi/dr,0 and use the curren
profile as a control variable; the sensitivity of these optim
zations to other current profile shapes will be examined
future work. Although the consistency of these profiles w
bootstrap current drive has not been examined, compa
bootstrap current density profiles can, in principle, be ma
tained due to the fact that there is a difference in sign
tween the bootstrap current density driven in toroidally sy
metrical regions and that driven in helically symmetric
regions. Our optimized case has low ripple levels near
center~toroidal symmetry!, while at the edge it approache
helical symmetry. In Figs. 3~a! and 3~b! theJ* contours~for
e/m51.08—which is slightly above the deeply trapped lim!
are shown for the two cases, indicating that the unoptimi
configuration~a! has completely unclosedJ* contours~i.e.,
deeply trapped particles are lost!, while the optimized con-
figuration ~b! has large regions of closedJ* contours. We
have also examined theJ* contours over a range of pitc
angles and find that they are more closely aligned with fl
surfaces than in the original configuration.

As mentioned earlier, theJ* optimization process lead
to configurations that are neither quasitoroidal nor quasih
cal. This is demonstrated in Figs. 4~a! and 4~b!, where we
have plotteduBu versus toroidal and poloidal angles for a
outer flux surface for~a! the unoptimized case and~b! theJ*
optimized case. For a quasitoroidal system these cont
would be horizontal lines, while for a quasihelical syste
they would be diagonal lines. As can be seen, our optim
tion in Fig. 4~b! does not fall into either category.

The approach to bounce-averaged omnigeneity thro
the alignment of trapped particleJ* surfaces with flux sur-
faces should be approximately equivalent to the criterion
equal angular separation between constantuBu contours on a
flux surface, which has been suggested recently in Refs.
18. The differences between these criteria are of orderi /N
~N5number of field periods! due to the difference betwee
the exactJ ~the integral along a field line! andJ* ~the inte-
gral alongfBoozer! and are generally small for the configu
rations examined here. We have confirmed this by plott
contours of equal toroidal angle separation between a ra
of uBu values and find that these contours are very simila
those of the equivalentJ* surfaces~i.e., ate/m5uBu!.
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IV. CONFINEMENT PROPERTIES OF THE OPTIMIZED
CONFIGURATIONS

In conjunction with the above optimization process, it
important to use various measures to evaluate the optim
configurations. As the optimization will not generally lead
the precise alignment ofJ* and magnetic flux surfaces, it i
difficult to judge the relative merits of different optimize
cases, simply by plotting theJ* contours. We have chosen t
evaluate both the transport of thermal plasma and the c
finement of energetic species~e.g., as required for plasm
heating!. Both of these measures are too time consuming
be incorporated directly into the optimization loop.

A. Thermal transport

In order to compare the thermal transport of the confi
rations presented in Sec. III, we have followed the Mo
Carlo evolution20 of 256 particles started at a single rad
location (c50.25cmax), with a random distribution in pitch
angle, poloidal and toroidal angles, and a monoenergetic
tribution in energy. The background plasma has a densit
531013 cm23 and a temperature of 1 keV; the test partic
energy is also 1 keV. The ratio of the collision frequency

FIG. 3. The J* contours at e/m51.08 for ~a! unoptimized and~b!
J* -optimized configurations.
ed
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the bounce frequency is around 1023, placing the plasma in
a regime where deeply trapped particles complete m
bounces in the local ripple wells. The same random num
seed was used for each configuration so that initial con
tions are equivalent. We monitor the escape of particles
energy through the outer flux as a function of time and u
this as our basic measure of thermal confinement. This
rate has the advantage of including both the direct prom
orbit losses as well as diffusive losses and involves no
sumptions regarding localized transport.

In Fig. 5 we show the particle loss rates versus time
the original,Bmin-optimized, andJ* -optimized cases along
with an equivalent tokamak case. The latter configuration
arrived at from theJ* -optimized case by retaining only th
n50 harmonics. These results clearly demonstrate that
optimization procedure can substantially reduce loss ra
leading to about a factor of 10 reduction over the init
unoptimized configuration. TheJ* optimized case is also
within a factor of 3–4 of the equivalent tokamak loss rate

A further interesting consequence of quasiomnigen
systems is that transport is not automatically ambipolar

FIG. 4. TheuBu contours evaluated at the plasma edge for~a! the unopti-
mized case and~b! the J* -optimized case.
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they therefore retain some degree of dependence of tran
rates on the radial electric field. Quasisymmetric configu
tions should be isomorphic to tokamak transport,21 which is
independent of the electric field. In Fig. 6 we show examp
of transport levels for the aboveJ* -optimized case in the
presence of a potential profile that is zero atr 50 and rises
near the plasma edge. As may be seen, moderate levels o
electric field can suppress density losses even below
equivalent tokamak level.

We next vary the background plasma density over
range of 1012– 1014 cm23 to examine the collisionality scal
ing of transport for theJ* -optimized configuration~in this
case withef/kTion50!. The results shown in Fig. 7 indicat
that transport in theJ* -optimized configuration has a simila
dependence as the tokamak and shows no evidence ofn
ripple transport regime. The unoptimized configuration a
shows no indication of 1/n transport, possibly due
to the fact that trapped orbits are directly lost on tim
scales (t loss50.2–0.4 ms) less than that for collsion
~0.17 ms,t90,7.5 ms over the range of density consider
here!.

B. Energetic particle transport

The confinement of collisionless energetic particles
one of the primary motivations for the optimizations d

FIG. 5. The Monte Carlo particle loss rates through the last closed
surface versus time for the original unoptimized configuration,
Bmin-optimized configuration, aJ* -optimized configuration, and an equiva
lent tokamak.

FIG. 6. Monte Carlo particle loss rates for theJ* -optimized case with
various levels of a radial ambipolar electric field present.
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cussed here since the thermal particle confinement can,
without optimization, be improved by control of the ambip
lar electric field.6 Due to the fact that most heating schem
rely on some form of energetic particle tail population, he
ing efficiencies can depend sensitively on the confinemen
this species.

In order to compare the two configurations we have f
lowed orbits at 40 keV that initially pass through the ma
netic axis over a range of pitch angles and find that the
optimized configuration has a loss cone over20.2
,(v i /v)0,0.4. In contrast, theJ* -optimized configuration
has no loss cone and confines the same orbits over the
range of (v i /v)0 . Besides confining the trapped orbits, th
optimization also reduces the deviations of passing or
away from flux surfaces. The deeply trapped orbits in
optimized configuration move on superbanana trajecto
~i.e., banana-shaped orbits formed by many longitudi
bounces within a field period! and are confined up to ene
gies at which their drift per bounce becomes too large for
longitudinal invariantJ* to be conserved. For the examp
configuration considered here, this occurs at around
keV. In Figs. 8~a! and 8~b!, we display orbits in the
J* -optimized configuration with increasing energy for~a! a
deeply trapped orbit@(v i /v)050.1# and ~b! a copassing or-
bit @(v i /v)051.0# for energies of 100, 200, and 400 keV
The trapped orbit has lost confinement at around 400 k
The passing orbits are still confined, but with significant d
placements away from flux surfaces (D/a'0.5). The deeply
trapped orbits show an interesting property of confined
perbanana stellarator orbit trajectories in that, unlike norm
tokamak banana orbits, the superbanana width is essen
independent of energy~i.e., due to the fact that for trappe
particles and in the absence of electric fieldsJ* does not
depend on energy!. To the extent thatJ* is conserved, rela-
tively arbitrary energies will be confined on the same traj
tory. The point at whichJ* conservation is lost due to th
drift per bounce becoming too large can be extended by
creasing the B field or increasing the device size.

By scaling up the magnetic field and determining t
maximum confined energy, we have predicted the increas
geometric size and magnetic field that would be required
confine 3.5 MeV alpha particles in ourJ* -optimized ex-
ample. In Fig. 9 the loss fraction of alphas is plotted as

x

FIG. 7. The scaling of loss rates with density~collisionality! for the original
unoptimized case, theJ* -optimized case~with ef/kTion50!, and the
equivalent tokamak case.
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energy is gradually increased. Here we have again o
checked orbits passing through the magnetic axis and h
scanned over the full range of pitch angles21,v i0 /v,
11. At a certain energy, the loss fraction rises steeply. H
f B is the scale factor by which the magnetic field is i
creased. Asf B is increased, orbits can be confined at p
gressively higher energies. At aroundf B54 – 5, it becomes
possible to confine a significant fraction~'90%! of 3.5 MeV
alphas. This information can then be plotted in terms of
energy at which a specified level of loss occurs versus

FIG. 8. Ion orbits that pass through the magnetic axis at 100, 200, and
keV in the J* -optimized case for~a! v i0 /v50.1 ~trapped! and ~b! v i0 /v
51.0 ~passing!.

FIG. 9. Alpha particle loss fractions versus energy and scaling factor (f B) in
the product of size and magnetic field.
ly
ve

re
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e
e

scaling factor,f B , as shown in Fig. 10. For a fixed iot
profile, both the drift per bounce~which determines the
maximum energy of confined trapped orbits! as well the ratio
of the displacement of passing orbits to the minor radi
scales asr/a, wherer is the gyroradius. Figure 10 confirm
this scaling~indicated by the straight lines! for both levels of
loss up to at least 3.5 MeV. From these results, one co
predict, for example, that if both the magnetic field and s
were scaled up by a factor of'2 ~recall that our initial de-
vice hadR051.3 m, Baxis51.2 T, R0 /a'2.8! one begins to
confine a significant fraction of alphas. The plasma curren
this example must also scale up with the product of size
magnetic field~a factor of 4–5! in order to maintain a fixed
iota profile.

V. CONCLUSIONS

We have developed a new optimization procedure
low aspect ratio stellarators that targets bounce-averaged
nigeneity~i.e., minimization of drift away from the flux sur
face! by aligning contours of the approximate second ad
batic invariant J* with magnetic flux surfaces. This
technique uses the shape of the outermost flux surface
the plasma current profile as control parameters. Our opt
zation has led to qualitatively new kinds of stellarator co
figurations that are neither quasitoroidal nor quasihelic
This additional flexibility in theuBu spectrum has opened u
the available parameter space at low aspect ratio and res
in significant improvements in confinement of both therm
as well as energetic particle components. For example, t
mal transport can approach that of axisymmetric syste
We also find that with reasonable scale-ups in size and m
netic field, it is possible to confine 3.5 MeV alpha orbits. W
expect that such flexibility will allow the inclusion of furthe
criteria22 related to MHD ballooning stability as well as othe
physics issues that may be of importance. Evaluations
ballooning stability in these configurations have already
dicated that volume-averaged^b&’s of 6% are stable. The coi
reconstruction for these optimized states is relegated t
separate step and appears feasible, but will require fur
development.

00

FIG. 10. Thera /a scaling of various levels of alpha particle loss vers
energy andf B .
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