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J* transport optimization of 
low-aspect-ratio stellarators

I. Introduction
Low-aspect-ratio, modular, tilted-coil stellarators [1–5] 
offer the attractive features of compact steady-state fusion 
power systems, high volume utilization, axisymmetric 
diverted regions, and the absence of low-order resonances 
(leading to islands) near the plasma edge. However, recent 
studies of confinement [3] in these devices have indicated 
the need for further transport optimization. 

Of the two quasisymmetric approaches, only quasitoroidal 
optimizations have successfully been achieved [6] at low 
aspect ratio. The quasihelical approach [7] is expected to 
be applicable only at higher aspect ratios [8]. However, in 
parallel with the quasisymmetric approaches, various tech-
niques for directly reducing the particle drifts away from 
magnetic flux surfaces have also been developed. Initial 
work [9] focused on improving the confinement of deeply 
trapped particles, since these orbits could be simply 
related to contours of the minimum of |B| along the toroi-
dal direction.

We have developed a more general approach that 
improves the alignment of the approximate second adia-
batic invariant [10,11] J* contours with magnetic flux sur-
faces. This approach allows confinement improvement 
over the entire trapped particle population as well as a pos-
sible reduction in the number of transitional particles. 
Such an approach is equivalent to bounce-averaged omni-
geneity, which has recently been interpreted [12–14] in 
terms of equal spacing of |B| contours on a magnetic flux 
surface. These methods are expected to open up a wider 
design space than the previous quasisymmetry 
approaches, since they place a weaker constraint on the 
form of the |B| spectrum. Besides improving confinement 
at low aspect ratio, this additional flexibility could allow 
for simultaneous optimization with respect to stability, 
bootstrap currents, and other physics criteria. We present 
an example of using the concept of bounce-averaged 
omnigeneity to generate an actual low-aspect-ratio stellar-
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ator configuration. We first describe our new optimization 
procedure and then analyze both the thermal and energetic 
particle transport properties of the optimized configura-
tion. We find that sizable reductions (factors of 20–30) in 
thermal particle transport rates can be achieved along with 
a closing off of the loss cone for more energetic particles. 
Examination of the |B| spectrum indicates that the opti-
mized state is neither purely quasihelical nor quasitoroi-
dal.

Description of the Optimization Procedure
Our approach uses the VMEC three-dimensional (3-D) 
magnetohydrodynamic (MHD) equilibrium solver [15] as 
the inner physics evaluation loop of a Levenberg-
Marquardt optimizer. The control variables are the shape 
of the outermost magnetic flux surface, which is expressed 
in terms of about 10 Fourier harmonics of both R and z, 
and the plasma current profile (in the case of stellarator/
tokamak hybrids). Typically, the optimization targets used 
are the following: alignment of Bmin, Bmax, and J* con-
stant surfaces with magnetic flux contours; matching of 
ι(ψ) to a specified rotational transform profile; mainte-
nance of a magnetic well over most of the plasma cross 
section; R0/a ≈ 3; avoidance of strongly curved segments 

Fig. 1. Outer flux surface shape with color contours propor-
tional to |B| magnitude for (a) an unoptimized configuration 
and (b) a J*-optimized configuration.

(a)

(b)

on the flux surface; and minimization of magnetic ripple. 
Here Bmin and Bmax are the two-dimensional (2-D) func-
tions of ψ and θ which are formed by recording the mini-
mum/maximum value of |B| along the toroidal direction 
within a single field period at fixed ψ, θ. For the examples 
given here, the alignment of the Bmin, Bmax, and trapped 
J* contours with ψ is typically carried out over three flux 
surfaces and, additionally for J*, at four values of the pitch 
angle variable ε/µ. Each of the target functions is multi-
plied by an associated weight and summed to form a sin-
gle χ2 functional, which is to be minimized. The initial 
condition on the outer flux surface shape is derived from a 
free-boundary VMEC equilibrium based on a known set of 
coils.

Once a satisfactorily optimized outer flux surface is found, 
we vary a parameterized set of coils in order to match B at 
the outer flux surface [16]. In general, this is not a unique 
process [17] and multiple solutions are possible, depend-
ing on the number of coils per field period, the winding 
surface, etc. By separating the physics and coil optimiza-
tions into separate steps, efficiency is gained and a better 
understanding of the trade-offs of each phase of the design 
process is possible. We discuss only the physics (i.e., outer 
flux surface) optimization.

This optimization technique has been applied to an 8-field-

Fig. 2. Rotational transform profiles in unoptimized and J* 
optimized configurations.
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period, hybrid stellarator/tokamak device with major 
radius R0 = 1.4 m, Baxis = 1.2 T, R0/a ≈ 3, 〈β〉 = 2%, and a 
plasma current of around 60 kA. We compare the initial 
unoptimized device, whose flux surface shape was deter-
mined by a set of eight external modular coils, with an 
optimized configuration based on the alignment of J* with 
ψ. Figure 1 shows 3-D rendered flux surfaces for the two 
configurations with color shading to indicate the constant 
|B| contours. 

The profiles of ι and (Bmax− Bmin)/(Bmax+ Bmin) (related 
to ripple strength) are shown in Figs. 2 and 3. The unopti-
mized case has a central region of reversed shear, while 
the optimized case tends to have edge reversed shear 
regions. The optimized case also has lower levels of ripple 
near the magnetic axis. In Figs. 4(a) and 4(b) the Bmin con-
tours show that the unoptimized configuration (a) has 
completely unclosed Bmin contours (which means that all 
deeply trapped particles are lost), while the optimized con-
figuration (b) has large regions of closed Bmin contours. 
We have also examined the J* contours over a range of 
pitch angles and find that they are more closely aligned 
with flux surfaces than in the original configuration.

As mentioned earlier, the J* optimization process leads to 
configurations that are neither quasitoroidal nor quasi-

helical. This is demonstrated in Figs. 5(a) and 5(b), where 
the Bmn spectra (excluding the m = 0, n = 0 mode) are plot-
ted vs magnetic flux for (a) the unoptimized case and (b) 
the J*-optimized case. Although the spread of the higher 
order modes has been reduced in Fig. 5(b), it still contains 
significant n ≠ 0 terms and a mixture of different helicities.

The approach to bounce-averaged omnigeneity through 
the alignment of trapped-particle J* surfaces with flux sur-
faces should be approximately equivalent to the criterion 
of equal angular separation between constant |B| contours 
on a flux surface, suggested recently in Refs. [12–14]. The 
differences between these criteria are of order ι/N (N = 
number of field periods) owing to the use of the exact J 
(integral along a field line) and J* (integral along φBoozer) 
and are generally small for the configuration examined 
here. We have confirmed this by plotting contours of equal 
toroidal angle separation between a range of |B| values and 
find that these contours are very similar to those of the 

Fig. 3. Ripple strength (Bmax − Bmin)/(Bmax + Bmin) profile 
for unoptimized and J*-optimized configurations.
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Fig. 4. Bmin contours for (a) unoptimized and (b) J*-opti-
mized configurations.
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equivalent J* surfaces (i.e., at ε/µ = |B|).

Confinement Properties of the Optimized 
Configurations

Thermal Transport
In order to compare the thermal transport of the configura-
tions presented in the previous section, we have chosen to 
follow the Monte Carlo evolution [18] of 256 particles 
started at a single radial location with a random distribu-
tion in pitch angle and in poloidal and toroidal angles and 
with a Maxwellian distribution in energy. The background 
plasma has a density of 5 × 1013 cm−3, and both the back-
ground and test particle distributions have a temperature of 
1 keV. The same random number seed was used for each 
configuration so that initial conditions are equivalent. We 
monitor the escape of particles and energy through the 
outer flux as a function of time and use this as our basic 
measure of thermal confinement. This loss rate has the 
advantage of including both the direct prompt orbit losses 
and diffusive losses, and it involves no assumptions 
regarding localized transport. A variety of other measures 

of thermal transport are under consideration and develop-
ment.

In Fig. 6 we show the particle loss rates vs time for the 
original and J*-optimized cases and for an equivalent 
tokamak case. The latter configuration is arrived at by tak-
ing the J*-optimized case and retaining only the n = 0 har-
monics. Although not all of these simulations may have 
reached steady state, they clearly demonstrate that the 
optimization procedure can substantially reduce loss rates, 
leading roughly to a factor of 20–30 reduction over the ini-
tial unoptimized configuration. Loss rates for the J*-opti-
mized case are also within a factor of 3–4 of the equivalent 
tokamak loss rates.

Energetic Particle Transport
The confinement of collisionless energetic particles is one 
of the primary motivations for the optimizations discussed 
here since the thermal particle confinement can, in princi-
ple, also be improved by control of the ambipolar electric 
field. Because most heating schemes rely on some form of 
energetic particle tail population, heating efficiencies can 
depend sensitively on the confinement of this species. As 
indicated in Fig. 4, the deeply trapped particles are gener-
ally promptly lost in the unoptimized configuration; as a 

Fig. 5. Bmn spectrum vs toroidal magnetic flux for (a) unop-
timized and (b) J*-optimized configurations.
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Fig. 6. Monte Carlo particle loss rates through the last 
closed flux surface vs time for original unoptimized configu-
ration, J*-optimized configuration, and an equivalent toka-
mak.
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result of the large level of ripple in these configurations, 
this can encompass a significant fraction of the distribu-
tion. In order to quantify this, we have followed a small 
ensemble of orbits at 40 keV that initially pass through the 
magnetic axis and have a range of pitch angles: values of 
(v||/v)0 running from −0.6 to +1 [orbits with −1 < (v||/v)0 < 
−0.6 are confined in both configurations]. More compre-
hensive measures of fast particle confinement are under 
development for these configurations. In Fig. 7 we plot the 

trajectories for this sample of orbits in Boozer coordinates 
for both the initial unoptimized configuration and the J*-
optimized configuration. The unoptimized configuration 
has a loss cone roughly over −0.2 < (v||/v)0 < 0.4. In con-
trast, the J*-optimized configuration has no loss cone and 
confines all of the orbits shown here. In Fig. 8 we examine 
the confinement properties of the J*-optimized configura-
tion with increasing energy for a deeply trapped orbit [(v||/
v)0 = 0.1] and a co-passing orbit [(v||/v)0 = 1.0] for energies 

Fig. 7. Energetic 40-keV ion orbit trajectories in (a) the original unoptimized configuration and (b) the J*-optimized config-
uration for orbits passing through the magnetic axis over a color-coded range of initial pitch angles   (v||/v = −0.6, −0.4,
−0.2, 0.1, 0.2, 0.4, 0.6, 0.8, 1.0).

(a) (b)

Fig. 8. Energetic ion orbit trajectories in the J*-optimized configuration for (a) a deeply trapped v||/v = 0.1 case and (b) a 
passing v||/v = 1.0 case over a color-coded range of energies (E = 100, 200, 400 keV).

(a) (b)
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of 100, 200, and 400 keV. The deeply trapped orbit 
becomes lost at 400 keV, apparently because its drift per 
bounce has become too large to maintain J* conservation. 
The passing orbits are still confined, but with significant 
displacements away from flux surfaces (∆/a ~ 0.5). The 
deeply trapped orbits show an interesting property of con-
fined superbanana stellarator orbit trajectories in that, 
unlike normal tokamak banana orbits, the orbit width is 
essentially independent of energy (i.e., because J* for 
trapped particles does not depend on energy, in the 
absence of electric fields). To the extent that J* is con-
served, relatively arbitrary energies will be confined on 
the same trajectory. The point at which J* conservation is 
lost because the drift per bounce becomes too large can be 
extended by increasing the B field or increasing the device 
size.

Conclusions
We have developed a new optimization procedure for low-
aspect-ratio stellarators that targets bounce-averaged 
omnigeneity (i.e., minimization of drift away from the flux 
surface) by aligning contours of the approximate second 
adiabatic invariant J* with magnetic flux surfaces. This 
technique uses the shape of the outermost flux surface and 
the plasma current profile as control parameters. Our opti-
mization has led to qualitatively new kinds of stellarator 
configurations that are neither quasitoroidal nor quasiheli-
cal. This additional flexibility in the |B| spectrum has 
opened up the available parameter space at low aspect 
ratio and resulted in significant improvements in confine-
ment of both thermal and energetic particle components. 
We hope that such flexibility will allow the inclusion of 
further criteria [19] related to MHD ballooning stability as 
well as other potentially important physics issues. The coil 
reconstruction for these optimized states is relegated to a 
separate step and appears feasible but will require further 
development.
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